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A BICATEGORY APPROACH TO DIFFERENTIAL
COHOMOLOGY
MARKUS UPMEIER
Abstract. A bicategory approach to differential cohomology is
presented. Based on the axioms of Bunke-Schick, a symmetric
monoidal groupoid is associated to differential refinements of coho-
mology theories. It is proven that such differential refinements are
unique up to equivalence of the corresponding symmetric monoidal
groupoids and the existing uniqueness results for rationally-even
theories are interpreted in this framework.
Moreover we show how the bicategory formalism may be used
to give a simple construction of a differential refinement for any
generalized cohomology theory, based on a refinement of the Chern
character to a strict transformation of bicategories.
1. Introduction
Differential cohomology combines ideas from gauge theory (connec-
tions, curvature) and stable homotopy theory. For example, Chern-
Weil theory combines gauge theory and ordinary cohomology and early
interest in differential cohomology [CS85] arose from the fact that the
Chern-Weil homomorphism lifts to (ordinary) differential cohomology.
In many cases this lift carries more information than the Chern-Weil
form and the characteristic class together, the classical example being
that the holonomy of a flat bundle may be non-zero, even though the
Euler form vanishes.
In a similar way, differential K-theory makes a natural appearance in
the context of index theory. The classical Atiyah-Singer Index Theorem
for families asserts the equality of the analytic index of a family of Dirac
operators with a cohomological quantity, involving the Chern character
of the symbol and an Aˆ-class. In the presence of ‘additional geometry’
one may pick canonical Chern-Weil representative differential forms.
The differential Index Theorem [BS09], [FL10] asserts that actually
more is true: one may lift both sides of the equation (the diff. analytic
and diff. topological index) to differential cohomology and these refined
indices coincide.
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Generalized differential cohomology theories were constructed in [HS05]
using simplicial homotopy theory and applied to the cohomology theory
called ‘Anderson dual of the sphere’ to define a certain invariant. Other
constructions of differential extensions for specific cohomology theo-
ries (K-theory, Landweber-exact cohomology theories) had also been
known, raising the question of uniqueness for differential refinements.
This question was partially answered by [BS10] in the case of rationally
even cohomology theories.
The purpose of this article is twofold: First, to illustrate that unique-
ness of differential refinements in the general case holds as well, but
in a weaker sense: a differential refinement is viewed as a functor to
monoidal groupoids which are proven to be unique up to monoidal
equivalence. Secondly, we give a simple construction of generalized
differential cohomology theories in terms of monoidal categories. Tech-
nically, this is based on a refinement of the Chern character transfor-
mation in generalized cohomology to a monoidal functor.
The paper is organized as follows: in the remaining part of this sec-
tion, we shall recall the axiomatic definition of differential cohomology
theories. The mentioned uniqueness result is proven in section 2. In
section 3 we discuss the refinement of the Chern character transforma-
tion, referring the more technical points to the appendix (section 5).
This refinement is used in section 4 to construct differential cohomol-
ogy theories.
For the convenience of the reader, we recall here the axiomatic defini-
tion of a differential extension (Eˆ∗,R, I, a) of a generalized cohomology
theory E∗ in the sense of [BS10]: Let V ∶= E∗(pt)⊗R (a graded vector
space) and let Manifolds denote the category of smooth manifolds. A
differential extension Eˆ of E is a family of contravariant functors
Eˆ∗ ∶Manifolds Ð→Abel (∗ ∈ Z)
into the category of Abelian groups together with natural transforma-
tions
Ω∗−1(−;V )/im(d)
a
Ô⇒ Eˆ∗,
Eˆ∗
R
Ô⇒ Ω∗(−;V ),
Eˆ∗
I
Ô⇒ E∗(−),
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such that the following diagram commutes for any manifoldM and has
an exact upper horizontal line
E∗−1(M)
ch // Ω∗−1(M ;V )/im(d)
a //
d ((◗◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
Eˆ∗(M)
I //
R

E∗(M) //
ch

0
Ω∗cl(M ;V )
// H∗sing(M ;V )
Here we have used differential forms and singular cohomology with
coefficients in a graded vector space. Of course, an isomorphism of dif-
ferential cohomology theories is defined to be a natural transformation
which is compatible with the maps a,R, I.
Acknowledgements. I would like to thank Ralf Meyer for many
fruitful discussions out of which this paper grew. Also, I would like to
thank my advisor Thomas Schick for his constant support during my
PhD research.
2. Uniqueness of Differential Extensions
Given a differential refinement (Eˆ∗,R, I, a) of a cohomology theory,
the transformation a ∶ Ω∗−1(M ;V )d → Eˆ∗(M) may be used to define a
groupoid
E˜∗(M) =
⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩
objects: x ∈ Eˆ∗(M),
morphisms from
x ∈ Eˆ∗(M) to y ∈ Eˆ∗(M):
η ∈ Ω∗−1(M ;V )d with a(η) = y − x.
Here, Ω∗−1(M ;V )d denotes the quotient of Ω∗−1(M ;V ) by im(d). Us-
ing addition, E˜∗(M) becomes a strict symmetric monoidal groupoid.
For varying M , these may be organized into a functor
E˜∗ ∶Manifolds Ð→ SymMonCatstr .
In a similar way, the maps d ∶ Ω∗−1(M ;V )d Ð→ Ω∗(M ;V ) and δ ∶
C∗−1(M ;V )δ → C∗(M ;V ) may be used to construct functors
Ω˜∗,C∗sing ∶Manifolds Ð→ SymMonCatstr .
The transformation R along with the property R ○ a = d amounts to a
natural transformation
R ∶ E˜∗ → Ω˜∗.
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Proposition 1. Let Eˆ∗ and Eˆ′∗ be two differential extensions of E∗.
For each manifold M , there exists an equivalence of the corresponding
symmetric monoidal groupoids
ΦM ∶ E˜
∗(M)Ð→ E˜′∗(M),
which is natural in M .
Proof. Represent E∗ by an Ω-spectrum (En, εn). Fix a degree n. By
Proposition 2.3. in [BS10] there exists a sequence of pointed manifolds
E(i)n , i ∈ N, together with pointed embeddings of submanifolds κi ∶ E
(i)
n ↪
E(i+1)n as well as (i−1)-connected pointed maps xi ∶ E
(i)
n → En such that
xi+1 ○ κi = xi and such that for any finite dimensional CW-Complex
X ∈ CW+ the canonical map
colim
i
[X,E(i)n ]→ [X,En] = En(X)
is an isomorphism. Also, one may choose uˆi ∈ Eˆn(E(i)n ) with
κ∗i uˆi+1 = uˆi, I(uˆi) = [xi], Rham(R(uˆi)) = ch[xi].
Similarly, one may choose uˆ′i ∈ Eˆ
′n(E(i)n ). We are now ready to define
ΦM on objects: For vˆ ∈ Eˆn(M) write I(vˆ) = [M fÐ→ En] for some f and
factor f ≃ xi ○ fi up to homotopy for some fi ∶M → E
(i)
n . Then
vˆ − f∗i uˆi = a(α) for some α ∈ Ωn−1(M ;V )d
and we define
ΦM(vˆ) ∶= f∗i (uˆ′i) + a′(α).
As is shown in [BS10], ΦM is well-defined, compatible with I,R, a and
natural in M . We use the identity on Ωn−1(M ;V )d to view ΦM as a
functor
ΦM ∶ E˜
n(M) → E˜′n(M),
which is clearly full and faithful. It is also essentially surjective: For
uˆ′ ∈ Eˆ′∗(M) choose uˆ ∈ Eˆ∗(M) with I(uˆ) = I ′(uˆ′). Then ΦM(uˆ) − uˆ′ =
a′(α) for some α ∈ Ωn−1(M ;V )d and then uˆ − a(α) maps to uˆ′.
Thus ΦM is an equivalence of categories. It will therefore suffice to
show that ΦM is a symmetric monoidal functor. The deviation of ΦM
from being additive is a natural transformation
(ΦM ○ +) − (+′ ○ (ΦM ×ΦM)) ∶ Eˆn(M) × Eˆn(M) → Eˆ′n(M)
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that composes with I to zero, so that it factors over a natural trans-
formation
B ∶ Eˆn(M) × Eˆn(M) → Ωn−1(M ;V )d/im(ch).
satisfying
B(uˆ, vˆ + wˆ) +B(vˆ, wˆ) = B(uˆ, vˆ) +B(uˆ + vˆ, wˆ),
B(uˆ, vˆ) = B(vˆ, uˆ),
B(uˆ,0) = 0 = B(0, uˆ).
Together with the identity arrows 0
0
Ð→ ΦM(0) = 0 the transformation
B gives ΦM the structure of a symmetric monoidal functor. The nat-
urality of B – not in M but in the objects of Eˆn(M) follows from the
observation that
ΦM(vˆ + a(β)) = ΦM(vˆ) + a(β).

Remark 2. Under additional assumptions (rationally even, finiteness
conditions on the coefficients) the results of [BS10] amount to the as-
sertion that one may even pick a strict monoidal equivalence.
3. The Refined Chern Character
Let En be an Ω-spectrum with structure maps εn ∶ ΣEn → En+1
which are adjoint to homeomorphisms.
Then the fundamental groupoidMap(X,En) = Π1EXn has a monoidal
structure: there are two canonical addition maps
En ×En ≈ Ω
2En−2 ×Ω
2En−2 Ð→ Ω
2En−2 ≈ En
given by “horizontal” and “vertical” concatenation which equipMap(X,En)
with two weak monoidal structures ⊖,⦶. The associators and unitors
are given by the familiar homotopies. The identity object is given in
both cases by the constant map I ∶ X → En onto the basepoint. We
have an equality
(f1 ⊖ g1)⦶ (f2 ⊖ g2) = (f1 ⦶ f2)⊖ (g1 ⦶ g2)
which together with the unitors yield a natural isomorphism ⊖ ⇒ ⦶
(set g1 = f2 = I). Also, by an Eckmann-Hilton type argument we
obtain a braid γf,g ∶ f ⊖g⇒ g⊖f that turns (Map(X,En),⊖, I, γ) into
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a symmetric monoidal category:
f ⊖ g ≅ (I ⦶ f)⊖ (g ⦶ I) = (I ⊖ g)⦶ (f ⊖ I) ≅ g ⦶ f
≅ (g ⊖ I)⦶ (I ⊖ f) = (g ⦶ I)⊖ (I ⦶ f) ≅ g ⊖ f.
The deRham homomorphisms may be interpreted as a strict sym-
metric monoidal equivalence of categories
ρX ∶ Ω˜
n(M) ∼Ð→ Cnsing(M)
which are the components of a natural transformation Ω˜n → Cnsing. Ev-
ery component is an equivalence and we would like to invert ρ. To pick
inverse equivalences systematically we use bicategories:
With monoidal transformations as 2-arrows, SymMonCat forms a
strict 2-category. We will view Manifolds as a 2-category with only
identity 2-arrows. Then ρ is a strict transformation between the two
strict functors Ω˜n,Cnsing of bicategories.
Lemma 3. Suppose C is a category, considered trivially as a bicate-
gory. Let
F,G ∶ CÐ→ SymMonCat
be strict functors of bicategories and u ∶ F ⇒ G a strict transformation
which has the property that all of the functors uX ∶ FX → GX are
equivalences. Then there exists a weak transformation v ∶ G⇒ F such
that uv and vu are the identity functors up to modifications.
Proof. The monoidal functor uX comes equipped with a natural trans-
formation µX ∶ ⊗(uX × uX) ⇒ uX ○ ⊗. For any X ∈ C pick vX ∶ GX →
FX, εX ∶ 1⇒ uX ○ vX , and ηX ∶ vX ○uX ⇒ 1 such that (uX , vX , εX , ηX)
form an adjoint equivalence. Using the unit ηX and counit εX of the ad-
junction we may make vX symmetric weak monoidal: define the inverse
of νX as
vX○⊗
v(ε⊗ε)
Ô⇒ vX○⊗○(uXvX×uXvX) vµ(v×v)Ô⇒ vX○uX○⊗○(vX×vX) η(v×v)Ô⇒ ⊗○(vX×vX)
The unit ηX and counit εX then become monoidal transformations. It
remains to check that the monoidal functors (vX , µX) depend functo-
rially on X up to coherent 2-cells vf ∶ (Ff,φ) ○ (vX , νX) ⇒ (vY , νY ) ○(Gf,γ) for f ∶X → Y in C. The monoidal transformation vf is defined
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as the 2-cell
GX
1 //
vX ''
εX

GX
Gf
// GY
ηY

vY

FX
uX
CC
Ff
// FY
uY
77
1
// FY
Note that the middle diagram commutes. The coherence conditions
follow from the zig-zag equations for εX , ηX and are left to the reader.

We may thus find a weak transformation, unique up to modifications,
τ ∶ Cnsing Ô⇒ Ω˜
n.
Proposition 4. It is possible to lift the Chern character transforma-
tion ch ∶ [M,En]→Hn(M ;V ) to a weak monoidal functor
Map(M,En)→ Cnsing(M),
natural in M , i.e. to a strict transformation Map(−,En)→ Cnsing.
Proof. By Yoneda’s Lemma, the Chern character is determined by ‘fun-
damental’ cohomology classes [ιn] ∈ Hn(En;V ). Pick a compatible
family ιn ∈ Znsing(En, pt;V ) of ‘fundamental’ cocycles implementing the
Chern character, where ‘compatibility’ means that ∫I ε∗n−1ιn = ιn−1 for
every n ∈ Z. A proof that one may choose such compatible families
may be found in [Upm11], section 2.1. The required functor is de-
fined on objects by f ↦ f∗ιn and on morphisms by [H] ↦ ∫IH∗ιn.
The latter is welldefined since the morphisms in Cnsing are im(δ)-cosets.
Different choices of fundamental cocycles yield modifications of this
transformation. The proof that this functor is monoidal can be carried
out ‘by hand’, by explicitly writing down coboundaries that verify the
coherence conditions. This is sketched in the appendix. 
Composing this transformation with the weak inverse τ of the deR-
ham transformation, we obtain a weak transformation
ch ∶Map(−,En)Ô⇒ Ω˜n.
More explicitly, we are given monoidal functors
chM ∶Map(M,En)Ð→ Ω˜n(M),
i.e. a functor chM together with a natural transformation, denoted
ch+M ∶ chM ○ ⊖ → + ○ (chM × chM), and a map chM(const) → 0 which
may be chosen to be zero (this uses that the fundamental cocycles are
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reduced, i.e. vanish on the basepoint). Also, for every smooth map
f ∶M →N we have a map
chf ∶ E
N
n Ð→ Ω
n−1(M ;V )d
with
d(chf(c)) = f∗chN(c) − chM(c ○ f) for all c ∶ N → En
(1)
f∗chN(H) + chf(H0) = chf(H1) + chM(H ○ (f × idI)) for a homotopy H ∶H0 ≃H1
(2)
where H ∶ N × I → En. The coherence conditions for M
f
Ð→ N
g
Ð→ O
c
Ð→
En amount to
chgf(c) = chf(c ○ g) + f∗chg(c),(3)
chid = 0.(4)
The compatibility condition for the ιn ensure that for a map h ∶M →
En−1 viewed as a homotopy H ∶ M × I → En from const to const we
have
chM(h) = chM(H) ∈ Ωn−1(M ;V )d.
4. Construction of Differential Refinements
Consider the equivalence relation ∼ on the set En(M) = EMn ×Ωn−1(M ;V )d
given by (c1, ω1) ∼ (c2, ω2) iff there exists a homotopy H ∶ c1 → c2 with
chM(H) = ω1 − ω2
Reflexivity, symmetry, and transitivity of ∼ follow from the following
functional properties of chM : that it preserves the identity, inverses of
isomorphisms, and composition. We may now define
Eˆn(M) = En(M)/ ∼ .
For a smooth map M
f
Ð→N we let
Eˆn(f) ∶ Eˆn(N)Ð→ Eˆn(M), [c,ω]↦ [c ○ f, f∗ω + chf(c)]
This is well-defined by (2) and yields a functor Eˆn ∶Manifolds Ð→
Set by (3) and (4). The group structure is given by
[c1, ω1] + [c2, ω2] = [c1 ⊖ c2, ω1 + ω2 + ch+M(c1, c2)],
0 = [const,0].
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Define natural transformations
Ωn−1(M ;V )d aÐ→ Eˆn(M), a(ω) = [const, ω]
Eˆn(M) IÐ→ En(M), I[c,ω] = [c] ∈ [M,En] = En(M)
Eˆn(M) RÐ→ Ωn(M ;V )d=0, R[c,ω] = ch(c) + dω
The map R is well-defined, again by functoriality of chM .
Proposition 5. Eˆn is a differential cohomology theory in the sense of
[BS10]. That is, we have a commutative diagram with an exact row:
En−1
ch // Ωn−1(−;V )d a //
d
''❖❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
Eˆn
I //
R

En //
ch

0
Ωn(−;V )d=0 // HndR(−;V )
Proof. The commutativity is clear. Now, if I[c,ω] = 0 there exists
a homotopy H ∶ c → const so that [c,ω] = [const, ω + chM(H)] =
a(ω + chM(H)). Also I ○ a = 0. If a(ω) = [const,0] then there exists
H ∶ const → const with chM(H) = ω. and by construction chM(H) rep-
resents ch(H). Conversely, a map c ∶M → En−1 may be viewed as a ho-
motopy H ∶ const ≃ const ∶M → En. Then a(ch(h)) = [const, ch(h)] =[const,0], using H and the compatibility of the ιn. 
5. Appendix
The goal of this section is to show that for a fixed X ∈ Manifolds
the lift of the Chern character
ch ∶Map(X,En)Ð→ Cnsing(X)
is a monoidal functor. This fact depends on the compatibility con-
dition on the fundamental cocycles ∫∆1 ε∗n−1ιn = ιn−1 which were used
in defining the lift ch. Recall that, using En ≈ ΩEn−1, the category
Map(X,En) is isomorphic to the category Map(X × (I, ∂I), (En−1,∗))
which carries an obvious weak monoidal structure.
The main technical step in the proof is to replace Map(X,En) with
an isomorphic weak monoidal category E in which the associators and
unitors are defined in such a way that the coherence conditions on ch
are readily ‘witnessed’ by certain canonical coboundaries (remember
that a morphism in Cnsing(X) is defined up to addition of cobound-
aries). We will make reference to the face and degeneracy maps di, sj
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of the simplicial set EX×∆
●
n−1 ).
Objects are Ob(E) = (En−1,∗)X×(∆1 ,∂∆1), typical elements of which
are denoted by f, g, h. Morphisms f → g are homotopy classes of maps
H ∶ X ×∆2 Ð→ En−1 with d2H = f, d1H = g, d0H = ∗. Here, a homotopy
between arrows H0 and H1 from f to g is defined to be a map G ∶
X ×∆3 Ð→ En−1 with d0G = H1, d1G = H0, d2G = s1g, d3G = s1f .
>
f
>
g <∗
H
Just as for simplicial homotopy groups, composition is given by pick-
ing arbitrary horn fillers. The identity is idf = [s1f].
The monoidal structure is given by the fact that there are canonical
horn fillers coming from canonical retractions ri ∶ ∆n → Λni , n ≥ 2 de-
fined by assigning to x ∈ ∆n the unique intersection point of Λni with
the one-dimensional affine subspace stationed at x in direction of the
orthogonal complement of di(∆n−1). We will only need n = 2,3:
∆2 → Λ2
1
∆3 → Λ3
3
Now, given two objects f, g ∈ E we may glue them together to X ×Λ2
1
→
En−1 and use idX × r2 to canonically extend to σ(f, g) ∶X ×∆2 → En−1.
Then set
f ⊕ g = d1σ(f, g)
>
f ⊕ g
>
f > g
σ(f, g)
The tensor product of morphisms may be defined similarly by canon-
ical extensions. Given H0 ∶ f0 → g0 and H1 ∶ f1 → g1 define H0 ⊕H1 ∶
f0 ⊕ f1 → g0 ⊕ g1 as follows:
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>
f0
0
>∗
1
2
>
∗
3
>
g0
>
f 0
⊕
f 1
4
<
f
1
>g 0
⊕
g 1
5
<
g
1
>
∗
>
f
0
<f
0
⊕
f
1
<
f
1
Canonically fill the horn Λ3
0
given by (0,2,3) = s0f0, (2,3,4) =
s0(f0 ⊕ f1), (0,3,4) = σ(f0, f1) to obtain a 3-simplex τ = (0,2,3,4).
Next, canonically fill the horn Λ3
1
given by (0,2,4) = d0τ , (0,1,2) =H0,(0,1,4) = s0f1 to a 3-simplex σ = (0,1,2,4). Finally, fill Λ31 given by(1,2,4) = d1σ, (1,2,5) = σ(g0, g1), (1,4,5) = H1 to a 3-simplex κ.
Then H0 ⊕H1 = d1κ.
The identity object is ∗ = const ∶ X × (∆1 × ∂∆1) → (En−1,∗). The
left unitor is λ−1f = σ(f,∗) ∶ f → f ⊕ ∗. The right unitor is given as
the side of an appropriately filled horn Λ3
1
given by (0,1,2) = σ(∗, f),(1,2,3) = s1f , (0,1,3) = s0f as in the next figure. Let τ = (0,1,2,3)
denote the canonical filler. Then the right unitor is ρf = d1τ ∶ ∗⊕f → f .
0 3
>
f
2
>
∗
>
∗ ⊕ f
1
>
∗
>
f
>
f
The associator is defined as follows:
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0
1
>
f
2
<
h⊕
(g ⊕ f
)
3
<
h
<
g
>
g ⊕
f
4
<h
⊕
g >(h⊕
g
)⊕
f
<
h > ∗
(0,1,3) = σ(g, f), (0,1,4) = σ(h ⊕ g, f), (0,3,4) = σ(h, g) may be
filled to a 3-simplex τ = (0,1,3,4). Next, (1,3,4) = d2τ , (1,2,3) =
σ(h, g ⊕ f), and (2,3,4) = s0h may be filled to another 3-simplex κ =(1,2,3,4). Then
αh,g,f = d2κ ∶ (h⊕ g)⊕ f Ð→ h⊕ (g ⊕ f)
Once we show that we have an isomorphism of categories Map(X ×(I, ∂I), (En−1,∗)) ≅ E that maps the tensor product functor, the un-
itors, and the associators onto each other it will be clear that E in
fact is a monoidal category. The isomorphism is given by the iden-
tity on objects and by assigning to an arrow H ∶ f → g in Map(X ×(I, ∂I), (En−1,∗)) the arrow
h ∶ X ×∆2 Ð→ En−1, (s, t)z→ {H(s, t/s) (s > 0),
∗ (s = 0).
where here we view ∆2 as {(s, t) ∈ I2 ∣ 1−s
2
≤ t ≤ 1+s
2
} ⊂ I2. The functor
in the other direction is given on morphisms by a “vertical” retraction
I2↠∆2 mapping I2 ∖∆2 onto ∂∆2.
The following are a comparison of the two right unitors whose ho-
motopy classes are clearly mapped onto each other:
A BICATEGORY APPROACH TO DIFFERENTIAL COHOMOLOGY 13
∗ f
∗
f
∗ >f
>
∗ ⊕ f
< ∗
>
∗ >f
>f
Now, replacing the category Map(X,En) by E, the functor ch ∶ E →
Cnsing(X) takes f ∶ X × ∆1 → En−1 to ∫∆1 f∗ιn−1 and H ∶ f → g to∫∆2 H∗ιn−1 (this is a morphism from ch(f) to ch(g) on behalf of Stokes’
formula and since the fundamental cocycles are reduced). Recall that
the tensor product f ⊕g in E was defined in terms of σ(f, g) ∶X ×∆2 →
En−1. Then ∫∆2 σ(f, g) ∶ ch(f⊕g)→ ch(f)+ch(g) is the transformation
required by in the definition of a monoidal functor.
The associator in E was defiend as the boundary of a 3-simplex κ.
The integral ∫∆3 now ‘witnesses’ the compatibility for the monoidal
functor and the associator. The unitors are similarly defined by bound-
aries of higher simplices τ and their integrals witness the other coher-
ence conditions.
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